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This paper studies regular components of wild hereditary algebras. It is 
clear that the existence of extremely many maps in the infinite radical of 
the module category causes algebras to be wild. Whereas the dimension of 
the Horn-spaces of maps from indecomposable preprojective modules or to 
indecomposable preinjective modules can be calculated by linear methods 
via the Euler-bilinearform ( , ), these methods give only poor information 
if we pass to regular modules. 
So it is natural to study as a first step maps between regular modules 
which are in the same regular component V, and we see in (4.7) that this 
is a way to get information about the maps between arbitrary regular 
modules. There is another, less obvious reason for the study of single com- 
ponents: If A and B are connected wild hereditary algebras, then by [9], 
via tilting modules, there can be constructed bijections between the regular 
components of the Auslander-Reiten quivers T(A) and T(B). In order to 
find finally properties of these bijections, we have to study properties of 
components. Proposition 6.3 points in that direction. 
If G? is a regular component in T(A), with A wild hereditary, we 
denote by the quasi-rank rk(%‘) of V the smallest integer N such that 
rad(X, r”x) # 0 for all n 2 N and all XE %. We call a component V excep- 
tional, if there is an indecomposable (quasi-simple) module XE %? such that 
Hom(X, YX) # 0 but Hom(X, z r + ‘1) = 0 for some r > 0. In Section 4 we 
show that there are only finitely many exceptional components in T(A) and 
that the existence of those components has strict consequences for the 
algebra A, that is, for its ordinary quiver 9(A). 
In Section 5 we present the numerical invariants of the most important 
exceptional components. In the last section we give applications to tilting 
theory. The applications are chosen under the aspect that the notion of the 
quasi-rank of a regular component might be a pendant to the period of a 
tube in the tame case. 
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Notations. The word algebra always denotes a finite dimensional, 
unitary, basic algebra, over some fixed algebraically closed field k. The 
letter A normally is reserved for wild hereditary, connected algebras. If 
A is an algebra, A-mod denotes the category of finitely generated left 
A-modules. We call a module X a brick, if End(X) is a division ring (that 
is isomophic to k in our context). A brick X without self-extensions and 
projective dimension at most 1 (the latter condition is harmless for 
hereditary algebras) is called a stone. 
By ( , ) we denote the Euler bilinear form on the Grothendieck-group 
G,(A) of A, that is (dim X, _dim Y) = dim Hom,(X, Y) - dim Ext(X, Y) 
for A hereditary. If B= A/AeA for some idempotent e =e2 E A, then in 
our situation the bilinear forms ( , )B and ( , )A coincide on the full 
subcategory B-mod of A-mod and we do not distinguish between them in 
that case. 
By f(A) we denote the Auslander-Reiten quiver of A. The vertices of 
T(A) are isomorphism-classes of indecomposable A-modules; if the context 
is clear, we do not distinguish between an indecomposable module X and 
its class [Xl. 
The Auslander-Reiten translations are denoted by r and tr; to 
emphasise the algebra, we sometimes add a subscript, for instance tA, z; . 
In general, we follow the notations used in [14]. 
1. BASIC RESULTS 
If +Z is a regular component in the Auslander-Reiten quiver T(A) of A, 
then V is of type ZA,, see [ 131. For a quasi-simple module X in V we 
denote by X(m) the indecomposable regular module with quasi-length m 
and quasi-socle X. The quasi-simple modules 
X=X(l), X(2)/X, X(3)/X(2), . . ..X(m)/X(m - 1) 
are called the quasi-composition factors of X(m). By [m]X we denote the 
indecomposable regular module with quasi-length m and quasi-top X. 
Following Ringel, see [14,3.3], we denote by ?S’-( [m]X) the wing of 
[m] X (of lenth m), that is, the mesh-complete full subquiver of %, defined 
by the vertices z’(~s]X) with l<s<m and Odr<m-s. If Z is an 
indecomposable regular module of quasi-length m and quasi-top Y, then 
“K(Z) is defined as ti’( [m] Y). 
If X is quasi-simple and m > 1 we call %-(X(m)) a standard wing if it 
satisfies the following equivalent conditions: 
PROPOSITION 1.1. For a quasi-simple regular module X and m > 1 the 
following conditions are equivalent: 
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(a) For M, NE add %P(X(m)) u’e have rad”(M, N) = 0; 
(b) X(m) is a brick; 
(c) X(m - 1) is a stone; 
(d) X, X(2)/X, . . . . X(m)/X(m - 1) are pairwise orthogonal stones. 
ProojI See [9, Section 11. 
Basic for the sequel is Ringel’s result on extensions of homomorphisms 
between regular modules, see [13, Section 41: 
LEMMA 1.2. Let X(s) be a regular module and Y be indecomposable with 
Y $ X(i)/X( j) for 0 <j < i < s and i > iO. Then any homomorphism 
f: X(i,) + Y has an extension g: X(s) + Y. 
Consider now an indecomposable regular module X of quasi-length s 
and quasi-composition factors U, , . . . . U, and an indecomposable regular 
module Y with quasi-composition factors V,, . . . . V, and suppose that 
Uj $ Vj for all i and j. Let g( F, respectively) be an indecomposable 
module, not contained in the wing ?K( Y) (V(X), respectively). Then we 
get from (1.2) and its dual version 
COROLLARY 1.3. There exist (non canonical) k-isomorphisms 
(i) cl(X, .F): Hom( @ := I iJj, P) --f Hom(X, F)‘); 
(ii) CI($ Y): Hom(z, @J= I Vi) + Hom(z, Y); 
(iii) a(X, Y): Hom( @SE, Ui, @J=, Vi) + Hom(X, Y). 
Proof: (i) We may suppose that U, is the quasi-socle of X and 
u,=z-‘+‘q. If fi, . ..) fm is a k-basis of Hom( U,, 8) then by (1.2) each 
fi: 17, + y has an extension gi: U,(s) = X -+ r Setting a,(-&) = gi we define 
an injective k-linear map c(r :Hom( U1, 7) + Hom(X, Y). Similarly we 
define k-linear maps 
cli: Hom(Uj, 8)-,Hom(U,(s-i+ l), y) for i<s-1. 
Denote by xi: X+ Ui+l(s- 1) the canonical map, that is, the composition 
of the i irreducible epimorphisms 
X=U,(s)+U,(s-l)+ ... -Pui+r(s-i) (i<s). 
Then we define cr(X, P): Hom( es= i Ui, 7) + Hom(X, P) 
4X, w-1 9 -*-, L) = ~,u-i) + ~1m-z) + ... +K,-2c1,~l(fs~,)+~,-,(f,). 
One easily checks that a(X, y) is an isomorphism. 
Similarly one proves (ii) and (iii). 
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LEMMA 1.4. If X and Y are non-zero regular modules then there exist 
integers N and N’ such that 
(a) Hom(X,r’Y)#Ofor all r>N; 
(b) Hom(X, t -“Y)=Ofor all s> N’. 
The proof of (a) was given in [2, 3.11 and (b) was shown in [7, 1.11. 
Remark. ( 1) From Baer’s proof of (a) one easily can deduce the 
stronger result 
lim ;/dim, Hom(X,r’Y) = p(A), 
r-m 
where p(A) > 1 denotes the growth-number of A, see [4]. 
(2) F. Lukas recently has shown in [ 1 l] that there exists an integer 
N such that Hom(X, z’Y) contains an injective map for all r >, N. 
A regular component %? has quasi-rank t = rk(%‘) if 
t=min(N 1 rad(X, t N+~X)#Oforalll>OandforallX~~}. 
If X= Y(r) and rad( Y, z/Y) is non-zero, then we get rad(X, r’-‘+lX) #O, 
thus we also have 
rk(%‘) = min{N 1 rad(X, z N + ‘X) # 0 for all 1 $0 and X quasi-simple in % > .
From [9,1.8] we know: 
LEMMA 1.5. Let X be a regular brick with quasi-length I in a 
regular component 55’. Then Hom(X, ZC(“‘)X) =0 for all r >O and 
Hom(X, z -‘X) g k for 0 < r < 1. Especially the quasi-rank rk(%Z) is bigger 
than zero, if %? contains a (quasi-simple) brick. 
PROPOSITION 1.6. Let X and Y be indecomposable regular modules with 
self-extensions. Zf Hom(X, Y) # 0 then Hom(X, t’Y) # 0 for all i 2 0. 
ProofI By induction it is enough to show that Hom(X, Y) # 0 implies 
Hom(X, zY) #O. Assume 0= D Hom(X, rY)r Ext( Y, X). Then by [6,4.1] 
we know that each non-zero map f: X -+ Y is injective or surjective. 
Assume f is injective and consider the short exact sequence 
o-X-L,Y-Q-O, 
where Q is the cokernel of J: Since A is hereditary, the map 
Ext(f, X): Ext( Y, X) 3 Ext(X, X) 
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is surjective, that is, Ext(X, X) = 0, a contradiction. For f surjective argue 
dually. 
From (1.5) and (1.6) we immediately get 
COROLLARY 1.7. Let X be a quasi-simple regular module with self-exten- 
sions in a regular component %?. Let s be an integer with rad(X, r”X) # 0. 
Then we have rad (X, CX) # 0 for all r > s, that is, rk(%) Gs. Especially we 
get rk(%‘) < 1 in this case. 
For wild hereditary algebras with two simple modules by [12] therefore 
all regular components have quasi-rank at most one. 
2. UNGER’S LEMMA 
Let %? be a regular component of quasi-rank t containing stones, X a 
quasi-simple module in %?, and I> 1 be the smallest number such that 
Ext(X(f), X(Z)) is non-zero. By (1.5) we have Hom(X, zPrX) = 0 for all 
r>O and by (1.1) the wing -Ilr(X(I+ 1)) is not standard but the wing 
Y/-(X(/)) is. This immediately implies that rad(X, z’X) # 0 and I is minimal 
with this property. By [9] we moreover have that Hom(X, z/X)) 
Hom(X(I), S(I)). 
We call V an exceptional component if”there exists a natural number 
m > I such that Hom(X, YX) = 0. If %’ is an exceptional component, we 
define 
s:=min{nz~I~Hom(X,t”X)#O,Hom(X,r”+’X)=0}, 
and we call the numerical invariant (s, t) the quasi-rank of the exceptional 
component Gz?. Clearly we always have s > I and t > s + 2. Let us note that 
for all known exceptional components = I holds. Looking at the r-orbit of 
X, we may visualize this definition as follows: 
. . /e== . . o 0 0 . . . 0 0 . . . 0 **. rtx TSX X 
One of the main aims of the paper is to show that a wild hereditary algebra 
has only linitly many exceptional components. A central role in this 
investigation is played by a lemma of Unger, see [18, 1.31. 
PROPOSITION 2.1 (Unger’s lemma). Let X and Y be indecomposable 
stones with Hom(X, Y) # 0 but Hom(X, zY) = 0. Then all non-zero maps 
from X to Y are injective and we have: 
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(a) If f: X --+ Y is injective, then the cokernel Q off is an indecom- 
posable brick and dim Hom(X, Y) = 1 + dim Ext(Q, Q). 
(b) If f: X+ Y is surjective, then the kernel K qf f is an indecom- 
posable brick with dim Hom(X, Y) = 1 + dim Ext(K, K). 
We apply now Unger’s result to the situation that X is (quasi-simple) in 
an exceptional component. 
COROLLARY 2.2. Let X be a regular stone, let m be a natural number 
with Hom(X, r”X) # 0 and Hom(X, z”+ ‘X) = 0. Then we have 
(a) If f: X -+ z”X is injective, then the cokernel Q off is indecom- 
posable preinjective and Hom(X, ?“X) is one-dimensional. 
(b) If f: X--f z”X is surjective, then the kernel K off is indecom- 
posable preprojective and Hom( X, ?X) is one-dimensional. 
ProoJ: We show (a); the proof of (b) is dual. By Unger’s lemma Q is 
indecomposable, thus it is either regular or preinjective. Suppose Q is 
regular. Since z is an exact functor in the category 2 of regular modules, 
the short exact sequence 
O+X+z”‘X+Q+O 
gives a series of. short exact sequences 
and thus a strictly decreasing infinite sequence 
dim X>dimr-“X>dimr-2”X>..., 
which is impossible. So Q is indecomposable preinjective, thus a stone. 
If GT? is an exceptional component of quasi-rank (s, t), and X’ a quasi- 
simple module with f: X’ -+ rSX’ injective, then there exists an indecom- 
posable injective module Z = I(o) (o E L&,, where A! = (&, , A?r ) is the 
ordinary quiver of the algebra A) and an integer l> 0 such that Q = c’l is 
the cokernel off: Defining X = t -lx’, the short exact sequence 
O+X'+t"X'+Q-*O 
gives rise to the short exact sequences 
O+X+r’X+I(w)+O 
O+P(w)-,z-X-+r’-lX+O, 
481:15?/1-13 
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where P(o) denotes the indecomposable projective module corresponding 
to the vertex o E&,. Note that for hereditary algebras the functor z- is 
Ext’(D( - ), A). Thus, we deduce the second short exact sequence from the 
first one by application of Hom(D( -), A). 
Moreover, by a sectional tilt we may suppose that w is a source in the 
quiver =3! of A, that is, I(o) is simple. If 3 denotes the full subquiver of 9 
we get by deleting the vertex o E=!&, and A’ the corresponding (not 
necessarily connected) hereditary algebra, then o is a source in a one-point 
extension of A’ by the projective A’-module M= rad P(o), that is 
A=A’[M]= “0’; . ( > 
We fix this notation for the rest of the paper. Moreover, we denote F’X 
by Z. 
If we apply the functor Hom(X, -) to the short exact sequence (1) we get 
0 -+ Hom(X, X) + Hom(X, r”X) -+ Hom(X, I(o)) -+ 0. 
Hom(X, X) is one-dimensional, as X is a stone and Hom(X, t’x) z k by 
(2.2). So we have Home(X, I(w)) = 0, that is XE A’-mod. 
Application of Hom(P(o), -) to (1) then gives 
0 --) Hom(P(w), YX) -+ Hom(P(o), I(o)) -+ 0, 
that is, Hom(P(o), z’X) z k. 
If we apply the functors Hom(-, Z) and Hom(-, I(o)) to the short exact 
sequence (2), we dually see that Hom(P(o), Z) = 0 that is ZE A’-mod and 
Hom(r-X, I(o)) g k are true. Let us summarise: 
LEMMA 2.3. (a) X and Z are A’-modules. 
(b) Hom(P(o), FX) z Hom(P(o), r-X) z k. 
Now A’ is not necessarily connected. Let B be the component of A’ 
containing the support of the module Z; trivially rgZ = r,,Z holds. 
As A’ and B are factor-algebras of A we have the usual embeddings 
B-mod C A’-mod U A-mod 
and we identify B-mod and Al-mod with their images in A-mod. Since A 
is a one-point extension of A’, by [14, 2.5(4)] there exists another full 
embedding 
- : A’-mod -+ A-mod, 
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where 8= (X, Hom(M, X), 1). Moreover, for an indecomposable non- 
projective A’-module X we have r,X= z,,X. 
PROPOSITION 2.4. X= T,Z. 
ProoJ: We have the short exact sequences 
o-+x-,T"x-,I(O)+o 
and, since T"X= TV Z 
with a = dim, Hom(M, z,Z). Comparing these sequences and using 2.3(b), 
we immediately see that X= z,Z holds. 
COROLLARY 2.5. If V is an exceptional component, then there are at 
least two non-sincere quasi-simple modules in +F?. 
ProoJ X and Z as above are non-sincere. 
3. NECESSARY CONDITIONS 
We again use the notations of Part 2: If G?? is an exceptional component 
of quasi-rank (s, t) then we have 
X and Z are B-modules with T~Z = X which are quasi-simple in % with 
z=T;--lx. 
LEMMA 3.1. Let B be a representation-infinite hereditary algebra. 
(a) If X is indecomposable, if T'X is defined for some r > 0 and there 
exists a monomorphism f: z’X -+ X, then either X is preprojective or f is an 
isomorphism, B is tame, and X is in a regular tube whose period divides r. 
(b) If X is indecomposable, if z-‘X is defined for some r > 0, and there 
exists an epimorphism g : X + T -‘X, then either X is preinjective or g is an 
isomorphism, B is tame, and X is in a regular tube whose period divides r. 
Proof. (a) If X is not preprojective then X is either regular or preinjec- 
tive, that is, T'X is defined for all IE N. Since T is left exact also the maps 
?f: r(‘+ “‘X --) z”X are injective and thus fi = (z”f) 0 . . . 0 (t’f) 0.f is injec- 
tive for all 1. This is only possible if fi is an isomorphism for some 1 and 
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thus f is an isomorphism. r’Xz X implies that X is in a tube of period p 
with p ( Y. 
The proof of (b) is dual to (a). 
LEW 3.2. Zf the Auslander-Reiten sequence 0+ X -+ Q Yi + Z + 0 in 
B-mod has decomposable middle term, then we have 
(a) Hom(M, X) ,z k; 
(b) Hom(M, reX) # 0, Hom,(P(o), r,X) # 0, Hom(P(o), r; Z) # 0. 
Prooj: (a) was shown in (2.4). 
(b) If Hom(M, r&Y) =0 or equivalently Hom(P(o), rAX) = 0 then 
is also an Auslander-Reiten sequence in A-mod with decomposable 
middle-term, but X is quasi-simple in A-mod. Similarly we argue for the 
last assertion. 
LEMMA 3.3. (a) Zf V is an indecomposable B-module then we have for 
all m E N such that zz VfO 
O+r;V-,T~V+ 6 Tyz(cB)Lo, 
i=l 
with Ii = dim, Hom(A4, rB V). 
(b) Zf W is an indecomposable B-module, then we have for al all m E N 
with z,“W#O 
O+& z;-,-P(o)” + Tarn w+ 7,” w-+ 0, 
i=l 
with I:= dim, Hom(M, zl-‘W). 
ProoJ: (a) For r/1 V we have the short exact sequence (see [ 14,2.5(6)] 
o+Tgv+T,v+z(o)‘~-+o. 
Applying the functor r,, we get 
0 + T/fTg v+ Tf, v+ TAZ(0)l’ + 0, 
and again by [14] 
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Induction then gives the result, if we use additionally that 
Ext(z’l(o), r’l(w)) is zero for i>j. 
(b) Since W is not injective, we have W=~,(zglW), and thus from 
(a) we get 
0 -+ w 4 T,(T,’ W) + Z(o)[’ + 0, 
with I’, = dim, Hom(M, W). Application of t,;’ shows 
O~P(o)‘i~t,‘W~T,‘W40. 
We then proceed as in part (a). 
COROLLARY 3.4. If% is an exceptional component of quasi-rank (s, tj, if 
X and Z are B-mod, and B is representation-infiuite, then is tame, X and Z 
are in an inhomogenous tube F of periodp with p 1 s. 
Proof. We have r >-IX= Z and r,Z = X. Suppose X is not pre- 
projective in B-mod. Then by (3.3(a)) we get a monomorphism 
f:t",-'X-+q$y= z = r,X. So by (3.1(a)) we see that f is an 
isomorphism, that B is tame, and z>- IX is in a tube 5 with period p ) s. 
Clearly F is inhomogenous ince Z is a stone. 
If X is not preinjective in B-mod we use X= z;(‘-‘)Z and work with 
(3.3(b)) and (3.1(b)). 
LEMMA 3.5. X and Z are quasi-simple in B-mod. 
Proof. Suppose X is not quasi-simple in 5. Then we know from (3.2) 
that dim, Hom(P(o), rA X) = I, # 0. Moreover, from (3.4) we have s = Ip, p 
the period of F. We have 
l=(d&nZ,d&lr~--‘X) 
=(dimZ,~Z)+~Ei(~Z,~r”,-‘-‘z(o)) 
B (dim z, dim Z) + I,(& TAX, Z(m)) = 1 + 1: > 1, 
a contradiction. 
Thus we have proved that all exceptional components with B representa- 
tions-infinite correspond to inhomogenous tubes of B. 
4. CONSTRUCTION OF EXCEPTIONAL COMPONENTS 
The aim of this section if to show that a given wild hereditary algebra 
A has only finitely many exceptional components. We again use the 
notation of the last part: 
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If %? is an exceptional component of quasi-rank (s, t), then we have short 
exact sequences 
o+x+x=z’x-tI(u)+o (3) 
o~P(w)~z-x~z”~‘x=z~o, (4) 
where X and Z are B-modules with X= t,Z and A is a one-point extension 
A=(B;A” ;). 
In this case we say that the exceptional component V is defined by the 
algebra B. 
In this paragraph we first discuss the case B being representation-infinite 
in detail. 
PROPOSITION 4.1. For an exceptional component V of quasi-rank (s, t) 
defined b]I B these are equivalent. 
1. Hom(X, Z) = 0 
2. (d&X,d&lZ)=O, 
3. X and Z are orthogonal stones, 
4. B is tame; X and Z are regular B-modules contained in an 
inhomogenous tube Y in B-mod. 
Moreover s is the period of LT in this case. 
ProoJ The equivalence (l)-(3) is clear, since Z = z’-~X for s > 1. 
The implication (4) =S (1) was shown in (3.5). The first aim of this section 
is the proof of the implication (1) =S (4). We therefore assume (1): If 
e = min{r 1 Ext(X(r), X(r)) # 0} then the minimality of s implies s = e and 
by (1.1) the modules X, zAX, . . . . zA ‘-ix= Z are pairwise orthogonal stones. 
LEMMA 4.2. For 0 < i < s - 1 we have Hom( P(u), 8X) = 0 
ProoJ: By our previous results the assertion is clear for i= 0 and 
i = s - 1. Applying the functor Hom(-, 8X) (1~ i < s - 2) to the exact 
sequence (4) we get 
0 + Hom(Z, riX) + Hom(z-X, z’X) + Hom(P(o), 8X) + Ext(Z, r’X). 
From the orthogonality of r-X, . . . . r S-2X we get Hom(r-X, 8X) = 0 and 
Ext(Z, &XC-) =0. 
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LEMMA 4.3. Under the above assumptions we have: 
(a) B is a tame hereditary algebra. 
(b) There exists one arrow CI from w to the quiver 2(B) of B. If x is 
the target of CI and n denotes the dimension-vector f the simple homogenous 
B-modules, then we have n(x) = 1. 
(c) The modules X, TV X, . . . . rip ’ X form the mouth of a tube of period 
s > 1 in B-mod. 
Proof Since Hom(P(o), 8X) = 0 for i = 0, . . . . s - 1 we have ~a X= r$k’ 
and Hom(M, T’X)=O for i= 1, . . . . s- 1. Since z”,-‘X=Z and r,Z=X the 
modules X, zeX, . . . . zs ‘-‘X=2, r”,X=X form the mouth of a tube of 
periods, so B is tame hereditary. 
Condition (b) follows from Hom(M, r’X) = 0 for i= 1, . . . . s- 1 and 
Hom(M, X) 2 k, as n = C;li dim z%. 
We will now show that the conditions of (4.3) are sufficient for the exist- 
ence of exceptional components. If B is tame hereditary and 2’ its quiver 
(of Euclidean type) we call a vertex x E 2; extremal if n(x) = 1, where n 
denotes the dimension-vector of simple homogenous representations of B. 
Note that the quiver of type A”, has only extremal vertices. 
THEOREM 4.4. Let A be a wild hereditary algebra with ordinary quiver % 
and o a vertex of 22 such that the full subquiver 2?\{0} is a disjoint union 
of an Euclidean quiver 2’ and some quiver 2”. Suppose there is exactly one 
arrow a between o and some vertex x E 22; and x additionally is extremal. if 
B = k??.‘, then via the embedding B-mod 4 A-mod each regular component 
of period s > 1 gives rise to an exceptional component V iiz A-mod of quasi- 
rank (s, t j, defined by B, for some t 2 s + 2. 
Proof We may suppose that o is a source. If A” is the path-algebra of 
2” (which is possibly the empty quiver), then we have 
Let E,, . . . . E,- i with r,Ei = Ei+ 1 be the mouth of a tube of period s > 1 in 
B-mod. Since dim @ :I,’ Ei = n, without loss of generality we may assume 
that Hom(M, E,) z k, Hom(M, Ei) = 0 for i= 1, . . . . s - 1. Therefore in 
A-mod we get the sequence E,, E,, . . . . E,- i, E, = .&, with TV Ei= Ei, 1 for 
i=O , . . . . s - 1. The modules E,, . . . . E,- I are pairwise orthogonal stones. 
Moreover, we have the short exact sequence 
O-+E,+E,+Z(o)+O 
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and we know that Hom(E,,, Es) z k. Applying the functor Hom(-, TIE,), 
we get: 
0 + Hom(E,,, zE,) + Ext(l(o), TE,) -+ Ext(E,, zE,) -+ Ext(E,, tE,). 
Now we have Ext(l(o), TE,) z D Hom(E,, I(m)) z k, Ext(E,, zE,) z k, and 
Ext(E,, rE,) =0, which shows Hom(E,, TE,) = 0. So %, the component 
containing the modules E,, . . . . E,, is exceptional. 
THEOREM 4.5. A finite-dimensional wild hereditary algebra A has only 
finitely many exceptional components. 
ProoJ We may assume that A is connected; we denote by 2 the 
(ordinary) quiver of A. If V is an exceptional component, then either V 
corresponds to an inhomogenous tube of a certain full Euclidean subquiver 
of 2 or G? is defined by a full Dynkin-subquiver of 2. Trivially in both cases 
we have only finitely many possibilities. 
If %?I, ...) %$ are the exceptional components and % is a regular, non- 
exceptional component, then we have rk(%) Q n - 1, where n denotes the 
number of simple A-modules, see [9, 1.71. Thus we get 
COROLLARY 4.6. If A is wild hereditary, then there exists 
f(A) = max(rk(%) 1 %Z a regular component}. 
If U is an arbitrary indecomposable regular module of quasi-lenth r, then 
by (1.2) and (1.3) we see that Hom( U, z’U) # 0 for all I > i(A) - r. Let now 
V and W be arbitrary indecomposable regular A-modules, such that 
Hom( V, W) # 0. Iff: V+ W is a nonzero map with indecomposable image 
U = f(V) < W, then we have Hom( U, z’U) # 0 for all 12 t and thus also 
Hom( I’, z’U) # 0). But, as z is left exact, z’U is a submodule of z/W, and 
we have shown 
COROLLARY 4.7. If A is wild hereditary, if V and W are indecomposable 
regular modules with Hom( V, W) # 0, then we get Hom( V, T* W) # 0 for all 
12 i(A). 
5. COMPUTATION OF THE QUASI-RANK 
Again we assume that the wild hereditary algebra A with exceptional 
component Q? of quasi-rank (s, t) is of the form 
A= 
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and thus the ordinary quiver 2 of A has the following shape: 
Moreover we will assume, without loss of generality that o is the only 
source in the quiver 2 of A. Again we use the short exact sequences 
For t> s + 2 there necessarily exists a natural number r > s + 1 such that 
Hom(X, z’X) = 0. We get 
LEMMA 5.1. (a) Hom(X, rmsX) # 0 fir m 2 1. 
(b) For r > s + 1 we have Hom(X, CX) = 0 if and only if 
Hom(X, CSX) = Hom(P(w), r’-‘X) = 0 and we have 
Hom(P(o), z r ~- ‘X) = 0 if and only if 
Hom(P(w), rr~-‘--l X) = Hom(P(o), zr-‘-‘I(o)) = 0. 
Proof. (a) The assertion follows from (5) and the left-exactness of z. 
(b) Applying Hom(-, z’-‘X) to (6), we get 
0 -+ Hom(Z, rrp ‘X) + Hom(z-X, rr+ ‘X) 
+ Hom(P(o), C’X) + Ext’(Z, C’X) -+ . . . . 
As Ext(Z, C’X) z D Hom(z’-‘X, rZ) = 0 we have 
Hom(X, r’X) z Hom(r-X, r’-IX) = 0 
if and only if 
Hom(P(o), r’-rX) = 0 and Hom(Z, z”- ‘X) z Hom(X, z’-~X) = 0. 
By application of the functor z’-‘+ ’ to (5) we get 
o~z~~~-‘x_,z~~~x~2’~~-‘z(~)-ro, 
which immediately shows that Hom(P(w), rrplX) =0 is equivalent to 
Hom(P(o), rrpspl X) = 0 = Hom(P(o), rr-S-‘Z(o)). 
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Let us now consider the last condition Hom(P(o), &l(o)) = 0, where r’= 
r-s- 1 > 1. Remind that we additionally could assume that I(o) is the 
only simple injective module. Thus Hom(P(o), z”l(o)) = 0 implies that the 
top of r”l(0) is not injective. 
The dual notion of socle-projective modules has been studied by several 
authors in great detail and we can use (the dual version of) some of the 
results, achieved there. In our situation by [ 10, 2.3, 2.41 the preinjective 
component 9 of T(A) contains a not top-injective module if and only if 
there is an indecomposable module U in 4 such that Hom(P(o), U) = 0 if 
and only if the quiver 9 of A is reducible in the sense of Ringel and 
Roggenkamp [15]. Thus we have: 
PROPOSITION 5.2. Let A be a wild, connected, and hereditary with exactly 
one simple injective module I(w). Then there exists an indecomposable pre- 
injective module U with Hom( U, I(o)) = 0 if and only if the quiver J! of A 
has the following shape (n Z 0): 
0 
o-o- *-* -0 
Comparing this quiver with the shape of the quiver of A described at the 
beginning of this section, we get 
COROLLARY 5.3. rf %? is an exceptional component qf quasi-rank (s, t) 
with t > s + 2 and B is tame, then A” is of Dynkin-type A,,, for some m > 0. 
Remarks. (1) By (5.1) we deduce easily that t = 4 for s = 2 generally 
holds. 
(2) Let us now consider the case that B is tame and A” = 0 in more 
detail. Then for A by (4.3) we have the following possibilities (up to 
orientation): 
0 
0 
I 
= 
E? 
o-o-o-o-o-o-o-. 
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z I 
Es 
o-o--o-o-o-o-o-o-o 
Using (5.1) we can calculate the quasi-ranks (s, t) of the exceptional 
components of A corresponding to the inhomogenous tubes of B easily: In 
[17] we find bounds c such that ?I is sincere for all injective A-modules I 
and all Ia c. 
Using the lists of [3] and Lemma 3.3 we get the following table 
(see Table I): The first column denotes the algebra, the second describes 
the quasi-ranks (s, t) of the exceptional components corresponding to the 
inhomogenous tubes of B. The set I in the last column stands for 
I=(i(s<i<t and Hom(X,r’X)#O). 
(3) If B is tame and 0 # A” is of type A, for m > 0 let us denote by 
A,, the hereditary algebra deduced from A by deleting the branch A,, 
that is A red = A/C, where C is the 2-sided ideal generated by A”. 
A tube F in T(B) of period s > 1 corresponds to an exceptional compo- 
nent in T(A,,,) of quasi-rank (s, t,) (where t, can be found in the table) 
and of quasi-rank (s, t) in T(A). We claim that t d tr holds: 
Ared-mod is closed under extensions and factor-modules in A-mod so the 
subcategory Ared -mod defines a (hereditary) torsion-theory (FO, FJ in 
A-mod with F0 = Ared -mod and consequently 
F0 = ( YE mod-A 1 Sot YE A”-mod). 
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The indecomposable Ext-injective modules in &(see[l ] ) are the 
A-injective hulls E(S,) (i = 1 . . . m) of the simple A”-modules Si and the 
module E = rA P’, where P’ is the projective A,,d-module corresponding w. 
If V is an indecomposable non-projective &.,-module, by [S ] we then get 
the short exact sequence 
’ -+ ‘Ared V-,T,V-,Q-tO, 
where Q is Ext-injective in FO. Since Hom( V, P’) = 0, we have Q E 
add( 0: E(S,)), that is, Q is injective. As in Lemma 3.3 we then deduce 
for V not preprojective the short exact sequence 
for all SE N with (2, preinjective. The assertion t Q t, then follows 
immediately from (5.1(b)). 
TABLE I 
Algebra Quasi-rank I 
4, 
4” 
n>4, Odd 
6” 
n > 4, Even 
(2,4) 
(336) 
(336) 
(234) 
(379) 
(4, 12) 
(294) 
(329) 
(515) 
(274) 
(274) 
(2,4) 
(2>4) 
(2,4) 
(n-2,2n-4) 
(274) 
(2,4) 
(n-2,2n-3) 
(2,4) 
(274) 
(2>4) 
(PYPf3) 
(2,4) 
(p.p+3) 
(P.P+3) 
(4. q+3) 
(67) 
{lO,ll, 13) 
- 
- 
(n+2iI l<i<(n-5)/2} 
- 
{n+2iI lgiS(n-4)/2} 
- 
- 
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Until now we have not mentioned much about exceptional components 
defined by representation-finite algebras B. Indeed, we do not know any 
example and it is not clear whether they exist at all. But at least we can 
show that their existence would imply heavy restrictions on the algebra A: 
PROPOSITION 5.4. Zf the wild hereditary algebra A = (Be ,4”)[M] (Gth 
only one simple injective module), ivhere B is representation-finite, has an 
exceptional component defined by B, then llte have: 
(a) There are indecomposable B-modules in the preinjective comporzent 
3 ofT(Aj 
(b) The quiver of A has the follo~ving shape: 
o- %B) o---we---+ -** -0 
ProoJ Let be Z = r;Z where Z is injective in B-mod. If Z is preinjective, 
considered as A-module, we are done. If Z is not preinjective considered as 
A-module none of the modules r’;;Z#O is preinjective. We apply (3.3): for 
r > s - 1 we have the short exact sequence 
s-1 
0-b @J Z~-~+lp(0)‘~~t,~+lZ=X,t,~+lZ~O, 
i=l 
and for s-l=r+r’with r’>O we get 
()+ & ,i-,+lp(0)/;~zAS+1Z=X,ZAr’(tgrZ)--,o. 
i=l 
Note that Z; = dim, Hom(M, Z). If Z is injective in B-mod clearly we have 
Hom(M, Z) Z-0, as Z(o) is the only simple injective A-module. 
By (4.1) we have Hom(X, Z) #O, that is, the Auslander-Reiten sequence 
o-+x+ Y+Z+O 
in B-mod had decomposable middle term. Therefore the middle term of the 
Auslander-Reiten sequence 
decomposes for Z not injective. Since Z is quasi-simple in A-mod, this 
immediately implies Z; # 0. 
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Thus in both cases r <s- 1 as well as r > s- 1 the condition 
Hom(X, Z(o)) = 0 implies Hom(ti-“P(o), Z(w)) = 0 or equivalently 
Hom(P(m), rS-*Z(o)) = 0, which means by Proposition 5.2 that the quiver 
5! of A has the following shape: 
If 2 is then quiver of A” the B is of type A, (m 3 1) in directed orientation. 
But Hom(M, X) # 0 then implies that X is an injective B-module, which is 
impossible as X= r,Z. Thus d is the quiver of the algebra B. 
6. APPLICATIONS 
By the above results wild hereditary algebras with exceptional com- 
ponents necessarily have at least four simple modules. But of course there 
exist a lot of wild hereditary algebras with n 3 4 simple modules without 
exceptional components, for example, the path-algebras of quivers of the 
following shape: 
0-o . . . . . . o-o 
/ \ 
0 -CO 
\ / 
0-o . . . . . . o-o 
If A is a wild hereditary connected algebra without exceptional component, 
then clearly we have i(A) < n - 1, where n denotes the number of simple 
A-modules. 
Let R be a tame hereditary algebra, T a tilting module in R-mod, and 
F a tube of period p > 1. Then it is well known that there exists a stone 
in X in F such that all indecomposable direct summands of T being in the 
tube F are contained in the wing ?W(X). If A is a wild hereditary, T a 
tilting module, and $9 a regular component, the same statement is true as 
long as %? is not exceptional. If V is an exceptional component of quasi- 
rank (s, t) and X is quasi-simple in W then X@ t’-*X is a partial tilting 
module not contained in a wing “W(Y) where Y is a stone. But at least we 
get a wing W’” of length t - 1 containing all summands of T which are in %?. 
Let T be an A-tilting module without preinjective direct summand but 
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not preprojective, where A is a connected wild hereditary algebra. If % is 
any regular component in T(A), then it was shown in [7] that there exists 
a quasi-simple module XE % such that r-X$ S(T) but (- X) c g(T); as 
usual 9(T) denotes the full subcategory of A-modules generated by T. By 
(-+ X) we mean the full subquiver of % of predecessors of X. Let us denote 
this subquiver (-+ X) with X as above by W(T). 
Normally there are additional indecomposable modules of %? in the 
torsion class 3(T). For them we get: 
PROPOSITION 6.1. Let A be a wild hereditary algebra, T a tilting module 
without preinjective direct summands not being preprojective, and %? a regular 
component in T(A). If Y is indecomposable in G? with YE 3(T), then T”~‘Y 
is in the cone g(T). 
ProoJ: As $3(T) is closed under factor-modules, we may consider Y as 
quasi-simple, that is, Y= r-/X for I>0 and (+ X) =W(T). Since r-X 
is not in ‘S(T), there exists an indecomposable direct summand T, of 
T such that Hom(r-X, rT,) #O. For I> f(A) we deduce from 
Hom(rrPIX, r-‘+i T,)#O by (4.6) that also Hom(rr-‘X, zT,) in non- 
zero, that is, r-l- ‘X$ ‘S(T). 
COROLLARY 6.2. Let A be a wild hereditary algebra, T a tilting module 
without preinjective direct summand, and g a regular component. If % daes 
not contain a non-zero direct summand of T and Y is indecomposable in’% 
with YE 3(T) and Y $ g(T), then the quasilength of Y is at most i(A) - 1. 
ProoJ Let r be the quasi-length and 2 the quasi-socle of Y. It is well 
known that for YE%(T) the whole wing W(Y) is torsion, or there are 
summands of the tilting module Tin this wing. Thus by our assumption we 
get %r( Y) c 9(T). By definition of S’(T) we know that rZ $ W( T). On the 
other hand we see from (6.1) that z “A’Y~%(T), thus we get r < f(A)- 1. 
Remark. It was shown in [9, Theorem 21 that there may exist modules 
of arbitrary large quasi-lenth outside g(T), if a direct summand of T is in 
the corresponding component ‘3. 
Let us finally consider the tilted algebra B= End(T), where again T is a 
tilting module without preinjective direct summands. In g(T) = F(;(s( T)), 
with F= Hom(T, -), besides the preprojective and the dy/-part of the con- 
necting component we have the set Y of the other components; the stable 
parts of these components are of type EA,, see [7]: 
If %? is a regular component in L’(A) and g(T) is defined as above, then 
F(%( T)) is a full predecessor-closed part of a component in Y and there 
exist no additional components in Y. 
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It was shown in [16, Theorem A] that T(B) has exactly one preprojec- 
tive component B and that this component is the preprojective component 
of some connected wild concealed algebra C. Moreover it was proved in 
[9], that each component S? in Y contains a (quasi-simple) module Y such 
that the full subquiver (Y -) of successors of Y in 9 is in C-mod. By this 
result we could construct a bijection pT = p from the set of regular com- 
ponents of T(A) to the set of regular components of T(C). We identify Y 
with the graph of the bijection p: If % (%‘, respectively) is a regular compo- 
nent in T(A) (T(C), respectively), (U,U’) E Y denotes the component which 
contains F($?( T)) and where %’ = p(g). 
It should also be mentioned that the well known formula 
Hom,(X, Y) s Hom,(rX, zY) 
immediately implies that zg induces a full functor 
as all injective B-modules are in the torsion-class T(T) or at the end of the 
“Y(T) in the connecting component. 
PROPOSITION 6.3. If A is wild hereditary, T a tilting module without 
preinjectiue direct summand, and 59 is a regular component in T(A), then we 
have rk(%) > rk(p(V)). Especially we get f(A) 2 i(q). 
ProoJ According to [9, Part 2 and 43 the proof can be done by induc- 
tion and it is enough to consider the following special case: T= T, @ T, 
with T,. = X@ X(2) 0 ... @X(m) for some quasi-simple module X and 
where T, is the minimal projective generator in Tf . Hereby, following [S], 
T: denotes the right perpendicular category of T,, that is the full 
subcategory of A-mod defined by the modules Y with Hom(T,, Y) = 
Ext(T,, Y) = 0. By [S] and [ 161 we then have C= End(T,) and 
Tf z C-mod. Moreover, C is even hereditary in this situation. 
If % is a regular component in T(A) and the component (%‘, p(g)) E Sp 
is regular too, we immediately deduce the assertion rk(p(%?)) < rk(%‘) since 
rB is a full functor in Y(T). 
Thus it remains only to consider the single non-regular component 
?3 = (&, p(%$,)) in Y. We will use the information about the components 
9 and w, given in [9], part 2: The component G$,e T(A) contains the 
summand T, = X@ ... @X(m) of T, we have G&(T) = (- z’X) and the 
module R E VO, which is the source of the irreducible epimorphism 
R +X(m), is a quasisimple regular module in T,’ z C-mod. Moreover, 
if e >m is the smallest positive integer with Ext(X(e), X(e)) #O, one 
checks easily by using that ?&-(X(e)) . is a standard wing, that the wing 
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%‘“’ = %r( Y(e - m - 1)) with Y= z-‘X is completely contained in T” 
(for e > m + 2). Let us visualise this situation: 
X(e) 
A 
: . . 
: 
: . . 
X Y 
The component 9 has the following shape: 
A 
F(X) 
where U= T;‘F(R) holds. 
For m=e-1 we have 
u 
Ext,(U, U)rExt,(F(R), F(R))rExt,(R, R)#O, 
that is, rk(p(go)) = 1 < rk(%$,), by (1.5) and (1.7). 
For e > m + 1 we have U= F(Y) and thus we get for I> rk(Vo) as 8Y = 
5 IPmX and I-nz-2=x>O: 
0 # Hom( Y, T> Y) z Hom,( U, z”,(F(~ix))), 
which implies that HomB(r;(xfl)U, F(R)) r Hom,(z;(“+ “U, F(R)) is 
non-zero. Working now in C-mod, we see that also Homc(z;(x+2)U, U) is 
non-zero, that is rk(p(go)) d rk(go) -m. 
Note also that the proof shows that ,u(go) is an exceptional component 
only if 9Z0 is an exceptional component and m < e - 2 holds. 
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